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'�������'RUWPXQG��*HUPDQ\

$%675$&7

$�WKUHH�GLPHQVLRQDO� )'7'�DSSURDFK� IRU� WKH
DQDO\VLV� RI� PLFURZDYH� FLUFXODWRUV� LV� SUHVHQWHG�
7KH� XQGHUO\LQJ� WKHRUHWLFDO� IXQGDPHQWDOV� DUH
LQWURGXFHG�� LQFOXGLQJ� D� PRGHO� IRU� VDWXUDWHG
PDJQHWL]HG� IHUULWH� PDWHULDO�� 7KH� GHWULPHQWDO
HIIHFW�RI� GHPDJQHWL]LQJ� ILHOGV� LV� H[DPLQHG� DQG
HYDOXDWHG� IRU� VHYHUDO� H[DPSOHV�� 7KH� VLPXODWHG
VFDWWHULQJ� FKDUDFWHULVWLFV� DUH� FRPSDUHG� ZLWK
H[SHULPHQWDO�UHVXOWV�

,1752'8&7,21

:LWK� WKH� ULVLQJ� LPSRUWDQFH� RI� PRELOH
FRPPXQLFDWLRQ� QHWZRUNV�� LQFUHDVLQJ� LQWHUHVW� LV
GHYRWHG� WR� PLFURZDYH� FLUFXLW� WHFKQRORJ\�� LQ
SDUWLFXODU� WKH� HQKDQFHPHQW� RI� IHUULWH� EDVHG
FRPSRQHQWV� VXFK� DV� FLUFXODWRUV�� $V� WKH
GHYHORSPHQW� RI� DGYDQFHG� FLUFXODWRU� GHYLFHV� LV
VXEMHFW� WR� HPSLULFDO� UHVHDUFK� LQ� PDQ\� UHVSHFWV�
WKH�XVH�RI�QXPHULFDO�DQDO\VLV�DOJRULWKPV�VXFK�DV
WKH� ILQLWH� GLIIHUHQFH� WLPH� GRPDLQ� �)'7'�
DSSURDFK� \LHOGV� HVVHQWLDO� EHQHILWV� UHJDUGLQJ� WKH
GHVLJQ�SURFHVV�

)'7'� LV� EDVHG� RQ� <HH¶V� GLVFUHWL]DWLRQ
VFKHPH�>�@�� ,W� LQFRUSRUDWHV� VHYHUDO� DGYDQWDJHV
RYHU�FRPSHWLWLYH� IUHTXHQF\�GRPDLQ�PHWKRGV��DV
LW� LV� DQ� H[SOLFLW� VFKHPH� WKDW� GRHV� QRW� UHTXLUH
PDWUL[� LQYHUVLRQV�DQG�GRHV�QRW�\LHOG�XQSK\VLFDO
VROXWLRQV� �VSXULRXV� PRGHV��� 7KH� ILHOG
GLVWULEXWLRQ� LV� FDOFXODWHG� IXOO\� YHFWRULDO� ZKLOH
VHOIFRQVLVWHQWO\�LQFOXGLQJ�UHIOHFWLRQ�DQG�IULQJLQJ
HIIHFWV��$�EURDGEDQG�IUHTXHQF\�UHVSRQVH�FDQ�EH
REWDLQHG� RXW� RI� D� VLQJOH� VLPXODWLRQ� UXQ�

)XUWKHUPRUH�� )'7'� VKRZV� JUHDW� IOH[LELOLW\
FRQFHUQLQJ� LWV� VXLWDELOLW\� IRU� GLIIHUHQW� VWUXFWXUH
JHRPHWULHV�

+HUH� ZH� IRFXV� RQ� WKH� DQDO\VLV� RI� PLFURZDYH
FLUFXODWRU� VWUXFWXUHV� ZLWK� DQ� H[WHQGHG� )'7'
VFKHPH� WKDW� LV� FDSDEOH� RI� PRGHOLQJ� VDWXUDWHG
PDJQHWL]HG� IHUULWH� PHGLD�� $VSHFWV� UHJDUGLQJ
VWDELOLW\��ERXQGDU\� FRQGLWLRQV�� WKH�HYDOXDWLRQ�RI
VFDWWHULQJ� SDUDPHWHUV� DQG� WKH� LQIOXHQFH� RI
LQKRPRJHQHRXV� GHPDJQHWL]LQJ� ILHOGV� DUH
DGGUHVVHG��)LQDOO\��VHYHUDO�FDOFXODWLRQ�UHVXOWV�DUH
GLVFXVVHG�

7+(25<

0RGHOLQJ�PDJQHWL]HG� )HUULWHV�� )RU� PLFUR�
ZDYH� IUHTXHQFLHV�� HOHFWULF� PDWHULDO� GLVSHUVLRQ
HIIHFWV� FDQ� EH� QHJOHFWHG�� 7KH� SHUPLWWLYLW\� LV
WKHUHIRUH� DVVXPHG� LVRWURSLF�� 7KH� PDJQHWLF� IOX[

GHQVLW\� IROORZV� ( )0+%

rrr

+= µ �� ZKHUH� WKH� LQ�

IOXHQFH� RI� D� PDJQHWLF� '&� ELDV� ILHOG� RQ� WKH

IHUULWH� PDJQHWL]DWLRQ� 0
r

� LV� GHVFULEHG� E\� WKH
HTXDWLRQ� RI� PRWLRQ� RULJLQDOO\� LQWURGXFHG� E\
/DQGDX� DQG� /LIVKLW]�� ZKLFK� SURYLGHV� DQ
DSSURSULDWH� GHVFULSWLRQ� RI� VDWXUDWHG�PDJQHWL]HG
IHUULWH� PHGLD� WKDW� LQFOXGHV� ORVVHV� QHDU� WKH
UHVRQDQFH�IUHTXHQF\�

$� VPDOO� VLJQDO� DSSUR[LPDWLRQ� LV� DSSOLHG� ZLWK
WLPH� GHSHQGHQW� TXDQWLWLHV� FRQVLGHUHG� VPDOO
FRPSDUHG� WR� VWDWLF� RQHV�� DQG� WKH� OLQHDUL]HG
HTXDWLRQ�LV�LQVHUWHG�LQWR�WKH�)'7'�VFKHPH��7KLV
UHTXLUHV� LQWHUSRODWLRQ� RI� PDJQHWLF� ILHOG
FRPSRQHQWV�ZKLFK�DUH�QRW�GLUHFWO\�DYDLODEOH�GXH
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WR� WKHLU� ORFDWLRQ� LQ� <HH¶V� GLVFUHWL]DWLRQ� FHOO�
&RQVLGHULQJ� WKH� ERXQGDU\� RI� WKH� IHUULWH
VWUXFWXUH�� DQ� LQWHUSRODWLRQ� RI� DOO� FRPSRQHQWV� DV
SURSRVHG� LQ� >�@� FDUULHV� WKH� ULVN� RI� ILHOG
GLVFRQWLQXLWLHV� GXH� WR� WKH� VKDUS� SHUPHDELOLW\
FKDQJH�DFURVV�WKH�IHUULWH
V�ERXQGDU\��&DOFXODWLRQ
UHVXOWV� VKRZ� WKDW� WKLV� PD\� FDXVH� LQVWDELOLW\� IRU
FHUWDLQ�VWUXFWXUHV�

$� VROXWLRQ� WKDW� XWLOL]HV� DGGLWLRQDO� GLVFUHWL]DWLRQ
SRLQWV� IRU� WKH� PDJQHWLF� ILHOG� VWUHQJWK� DQG
LQWHUSRODWLRQ� RQO\� IRU� WKH� IOX[� GHQVLW\� ZDV
LQWURGXFHG� LQ� >�@��$OWKRXJK�RULJLQDOO\�SURSRVHG
H[FOXVLYHO\� IRU� IHUULWH�WR�PHWDO� ERXQGDULHV�� ZH
VXFFHVVIXOO\� DSSOLHG� D� VLPLODU� DSSURDFK� WR� WKH
FRPSOHWH�ERXQGDU\�RI�WKH�IHUULWH�UHJLRQ��,Q�FDVH
WKH� &RXUDQW� VWDELOLW\� FRQGLWLRQ� LV� VDWLVILHG�� WKH
UHVXOWLQJ�VWDELOLW\�IDFWRUV�DUH�ORFDWHG�FORVH�WR�WKH
XQLW� FLUFOH� DQG� GR� QRW� VKRZ� VLJQLILFDQW
GHSHQGHQF\�FRQFHUQLQJ�WLPH�GLVFUHWL]DWLRQ�

7KH�FDOFXODWLRQ�VSDFH� LV�ERXQGHG�E\�D�PRGLILHG
SHUIHFWO\� PDWFKHG� OD\HU� �30/�� DEVRUEHU� ZLWK
XQVSOLW�ILHOG�FRPSRQHQWV�EDVHG�RQ�SVHXGR�VRXUFH
WHUPV�>�@�

&DOFXODWLRQ� RI� 1RQ�8QLIRUP� ,QQHU� )LHOG
'LVWULEXWLRQV�� 8VXDOO\� IHUULWHV� DUH� PDJQHWL]HG
XVLQJ�D�KRPRJHQHRXV�'&�ELDV� ILHOG�� ,Q�JHQHUDO�
WKH� DVVXPSWLRQ� RI� DQ� DOVR� KRPRJHQHRXV� VWDWLF

ILHOG�
L

+

r

� LQVLGH� WKH� IHUULWH� LV� LQDSSURSULDWH� IRU

DUELWUDU\�GHYLFH� JHRPHWULHV�� VR� WKH� LQFOXVLRQ� RI
GHPDJQHWL]DWLRQ�HIIHFWV�EHFRPHV�QHFHVVDU\�

7KHUHIRUH�� WKH� LQQHU� PDJQHWLF� ILHOG� LV� REWDLQHG
IURP� WKH� PDJQHWLF� VWDWLF� ILHOG� HTXDWLRQ� VROYHG
YLD� WKH� ILQLWH� GLIIHUHQFH� �)'�� PHWKRG� RU� WKH
ILQLWH� LQWHJUDO� WHFKQLTXH� �),7��� UHVSHFWLYHO\�
&DOFXODWLRQ� UHVXOWV� VKRZ� WKDW� WKH� ODWHUDO� ILHOG

FRPSRQHQWV�DUH�QHJOLJLEOH��VR�
L

+

r

� LV�FRQVLGHUHG

TXDVL�YHUWLFDO� ZLWK� D� GRPLQDQW� QRQ]HUR� \
FRPSRQHQW�

L
+ �� )HUULWH� PHGLD� ZLWK� KLJK

VDWXUDWLRQ� PDJQHWL]DWLRQV� VKRZ� GLVWLQFW� UDGLDO

GHSHQGHQF\�RI�+L� �+L�U���ZKLFK� LV�H[DPLQHG� LQ
RXU�H[DPSOHV�

(;$03/(6

7KH� VLPXODWLRQ� PRGHO� LV� DSSOLHG� WR� WKH
DQDO\VLV� RI� D� WULSODWH� <�W\SH� FLUFXODWRU� �ILJ����
ZLWK�DOO�SRUWV�PDWFKHG��0HWDO�VWULSV�DUH�PRGHOHG
DV� SHUIHFWO\� FRQGXFWLYH� PDWHULDO�� 5HODWLYH
SHUPLWWLYLWLHV�ε V� ����� IRU� VXEVWUDWH� UHJLRQV� DQG
ε I� ������ LQVLGH� WKH� IHUULWH� DUH� DVVXPHG�� 7KH
IHUULWH� LV� IXUWKHU� FKDUDFWHUL]HG� E\� D� VDWXUDWLRQ
PDJQHWL]DWLRQ� RI� 0V� ����N$�P� DQG� DQ� LQQHU
ILHOG�RI�+L� �����N$�P��$�QRUPDOL]HG�*DXVVLDQ
SXOVH�ZLWK�D�ZLGWK�RI����SV�DQG�D����SV�GHOD\� LV
LQMHFWHG�DW�SRUW���

)LJXUH����<�W\SH�WULSODWH�FLUFXODWRU�VWUXFWXUH

7KH�PDJQLWXGH�RI�WKH�VFDWWHULQJ�SDUDPHWHUV�IRU�D
ODUJH�IUHTXHQF\�UDQJH�DUH�GHSLFWHG�LQ�ILJ�����7KH
UDQJH� IURP� ���� WR� ����*+]� �PDUNHG� DV� ����
H[KLELWV� PRVW� GLVWLQFW� FLUFXODWLRQ� EHKDYLRU� DV
PD[LPDO� WUDQVPLVVLRQ� _V��_� LV� FRPELQHG� ZLWK
UDWKHU� VPDOO� UHIOHFWLRQ� _V��_� DQG� LVRODWLRQ� _V��_
SDUDPHWHUV�

7KH�UDQJH�IURP�����WR������*+]��PDUNHG�DV�����
DOVR� VKRZV� FLUFXODWLRQ� FKDUDFWHULVWLFV� ZLWK� _V��_
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DV�WKH�WUDQVPLVVLRQ�DQG�_V��_�DV�WKH� LVRODWLRQ��EXW
DV�WKH�PD[LPXP�WUDQVPLVVLRQ�LV�QRW�DV�KLJK�DV�LQ
WKH� ILUVW� FDVH�� WKH� IXUWKHU� DQDO\VLV� FRQFHQWUDWHV
RQ�WKH�ILUVW�IUHTXHQF\�ZLQGRZ�

)LJXUH����VFDWWHULQJ�SDUDPHWHUV�REWDLQHG�RYHU�D
ODUJH�IUHTXHQF\�UDQJH

$W�ILUVW�WKH�VWUXFWXUH�LV�FDOFXODWHG�ZLWK�GLIIHUHQW
YHUWLFDO�GLVFUHWL]DWLRQ�GHQVLWLHV�IURP���WR����JULG
SRLQWV��$V�WKH�UHVXOWV�VKRZ�GLVWLQFW�FRQYHUJHQFH
IRU� LQFUHDVLQJ� GLVFUHWL]DWLRQ� GHQVLWLHV�� �� WR� ��
YHUWLFDO� JULG� SRLQWV� FDQ� EH� FRQVLGHUHG� WR� EH
DSSURSULDWH�� 6HFRQGO\� WKH� VXEVWUDWH� KHLJKW� LV
LQFUHDVHG� IURP� ����PP� WR� ����PP�DQG� ����PP�
7KH� VFDWWHULQJ� FKDUDFWHULVWLFV� REWDLQHG� IRU� HDFK
FDVH� H[KLELW� UHPDUNDEOH� GLIIHUHQFHV�� ZKLFK� LV
LOOXVWUDWHG� H��J�� IRU� WKH� UHIOHFWLRQ� LQ� ILJXUH���
7KHUHIRUH� WKH� VXEVWUDWH� KHLJKW� REYLRXVO\� KDV� WR
EH� FRQVLGHUHG�� DQG� WZR�GLPHQVLRQDO� FDOFXODWLRQ
DSSURDFKHV� ZKLFK� RIWHQ� QHJOHFW� YHUWLFDO
GHSHQGHQFLHV�PD\� \LHOG� HVVHQWLDO� GLVDGYDQWDJHV
FRQFHUQLQJ� DFFXUDF\� FRPSDUHG� WR� WKHLU� WKUHH�
GLPHQVLRQDO�FRXQWHUSDUWV�

)LQDOO\� WKH� HUURU� LV� DQDO\]HG� WKDW� DULVHV� LI� D
XQLIRUP� VWDWLF� ILHOG� GLVWULEXWLRQ� LV� DVVXPHG
LQVLGH�WKH�IHUULWH�FRPSDUHG�WR�DQ�LQKRPRJHQHRXV
VWDWLF� ILHOG� GLVWULEXWLRQ�� 7ZR� H[DPSOHV� DUH
FRQVLGHUHG� ZLWK� VDWXUDWLRQ� PDJQHWL]DWLRQV� RI
0V� �����N$�P� DQG� 0V� �����N$�P� ZKLFK

FRUUHVSRQG� WR� D� UDGLDO� ILHOG� LQFUHDVH� RI� DERXW
����DQG�������UHVSHFWLYHO\�

)LJXUH����UHIOHFWLRQ�SDUDPHWHU�IRU�GLIIHUHQW
VXEVWUDWH�KHLJKWV

7KH� FDOFXODWHG� VFDWWHULQJ� SDUDPHWHUV� VKRZ� WKDW
WKH�XQLIRUP� ILHOG�DVVXPSWLRQ�FDQ�EH� FRQVLGHUHG
VXLWDEOH� IRU� WKH� ILUVW� FDVH� ZLWKLQ� WKH� IUHTXHQF\
UDQJH� RI� LQWHUHVW�� ZKLOH� LQ� WKH� VHFRQG� FDVH� WKH
UHVXOWV�REWDLQHG�IURP�D�XQLIRUP�ILHOG�DVVXPSWLRQ
VKRZ�GLVWLQFW�GHYLDWLRQV� IURP� WKRVH� DVVXPLQJ�D
QRQ�XQLIRUP� GLVWULEXWLRQ�� )LJXUH��� GHSLFWV� WKH
FKDUDFWHULVWLFV�REWDLQHG� IRU�ERWK� DVVXPSWLRQV� LQ
WKH�VHFRQG�FDVH�ZLWK�0V� �����N$�P�

)LJXUH����VFDWWHULQJ�SDUDPHWHUV�IRU�XQLIRUP�DQG
QRQ�XQLIRUP�PDJQHWLF�ILHOG�GLVWULEXWLRQ
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)RU� YHULILFDWLRQ� RI� WKH� VLPXODWLRQ� PRGHO�� D
FLUFXODU�PLFURVWULS�UHVRQDWRU�VWUXFWXUH�DFFRUGLQJ
WR� ILJXUH��� LV� DQDO\]HG� YLD� ERWK� D� FRPSXWHU
VLPXODWLRQ� DQG� FRUUHVSRQGLQJ� H[SHULPHQWDO
PHDVXUHPHQWV�

)LJXUH����IHUULWH�ORDGHG�PLFURVWULS�UHVRQDWRU

7KH� VXEVWUDWH� KHLJKW� LV� K� ���PP�� DQG� WKH
SHUPLWWLYLW\� LV� VHW� WR�ε V� ����� IRU� WKH� VXEVWUDWH
DQG� ε I� ������ IRU� WKH� IHUULWH�� $� VDWXUDWLRQ
PDJQHWL]DWLRQ� RI� 0V� ����N$�P� DQG� DQ� LQQHU
ILHOG�RI�+L� ����N$�P�DUH�FKRVHQ��7KH�VLPXODWHG
DQG� PHDVXUHG� VFDWWHULQJ� FKDUDFWHULVWLFV� DUH
GHSLFWHG�LQ�ILJXUH���

)LJXUH����FRPSDULVRQ�RI�VLPXODWHG�DQG
PHDVXUHG�VFDWWHULQJ�FKDUDFWHULVWLFV

$V� WKH� FRUUHVSRQGLQJ� VLPXODWHG� DQG� PHDVXUHG
FXUYHV� VKRZ� JRRG� TXDOLWDWLYH� DQG� TXDQWLWDWLYH
DJUHHPHQW�RYHU�WKH� IUHTXHQF\� UDQJH�RI� LQWHUHVW�
WKH� VLPXODWLRQ�PRGHO� LV� FRQVLGHUHG� VXLWDEOH� IRU
WKH�DQDO\VLV�RI�IHUULWH�ORDGHG�FLUFXODWRU�FLUFXLWV�
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